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Abstract. In this paper, we give resolvent estimates for the linearized operator 
of the Navier-Stokes equation in around the Oseen vortices, in the fast rotating 
limit a — > +00. 
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1. Introduction 

1.1. The origin of the problem. Consider the motion of a viscous incompressible 
fluid in the whole plane, which is described by the Navier-Stokes equation in M? . In 
two dimensions where the vorticity is a scalar, it is more convenient to study the 
evolution of the vorticity which is given by 

(1.1) ^ + v - Vuj = uAuj, xeM^ t>0, 

ot 

where v is the kinematic viscosity, uj{x, t) G M is the vorticity of the fluid, f (x, t) G 
is the divergence-free velocity field reconstructed from u by the Biot-Savart law 

(1.2) v{x, t) = {Kbs * cu)ix, t) = ^ f ~ y\ uj{y, t)dy, 



where we denote X = (— X2, xi) for x = (xi,X2) G M . The equation (1.1 ) is globally 
well-posed in L'^{R'^) ([1], [I3]), i.e. for any initial data uq G L^(]R^)7^([rT]) has a 
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unique global solution uj G C°([0, +00); L^(]R^)) such that Co'(O) 
circulation of the velocity field 



(jJq. The total 



1.3) 



uj{x, t)dx 



lim 



f (x, t) ■ dl 



\x\=R 



is a quantity conserved by the semi-flow defined by (1.1) in L^(]R^). It is well-known 



that the equation (1.1) has a family of explicit self-similar solutions, called Oseen 



vortices^ which is given by 
(1.4) uj{x,t) = 

where 



vt ^JVr' 



;i.5) G{x) 



1 



-|x|V4 



v^ix) 



v{x, t) 



1 x^ 



a 



.G 



ut 



(1 



-|xp/4 



), X G 



2ti |xp 

is referred to as the circulation Reynolds number. In fact 



and the parameter a G 
these solutions are trivial in the sense that v{x, t) ■ Vu{x, t) = so that ( 1.1 ) reduces 



to the linear heat equation, and the Oseen vortices are the only self-similar solutions 
to the Navier-Stokes equations in whose vorticity is integrable. Moreover, it is 
proved by T. Gallay and CE. Wayne in [lOj that if the initial vorticity uq is in 
L^(]R^), then the solution u!{x,t) of (1.1) satisfies 



1.6) 



lim 



)l 



0, 



where a = J^2^o{x)dx. In physical terms, this means that the Oseen vortices are 
globally stable for any value of the circulation Reynolds number a. In contrast 
to many situations in hydrodynamics, such as the Poiseuille or the Taylor-Couette 
fiows, increasing the Reynolds number does not produce any instability. 

In order to investigate the stabflity of the Oseen vortices, we introduce the self- 
similar variables x = x /y/ut, t = log(t/T) and we set 



u{x, t) 



v{x, t) 



•i 



t Wiyt °T^' ^ ' ' V ^ 

Then the rescaled system reads (replacing x by x, a; by a; and so on) 



;i-7) 



+ V ■ Vw = Au + -X ■ Vco + CO, 



X G 



t > 0, 



where u{x,t) G M is the rescaled vorticity, v{x,t) G is the rescaled velocity field 
again given by the Biot-Savart law (1.2). Then for any a G M, the Oseen vortex 



u = aO is a stationary solution of (1.7). Linearizing the equation (1.7) at aG, we 
get a linear evolution equation 

doj 

~dt 

where 

1 



-Aoj 



-X ■ Vw — oj, Au 



.G 



u + {Kbs * w) ■ VG. 



It turns out that the operator C is self-adjoint, non-negative on the weighted space 
L^(]R^; G~^(ix) and A is a relatively compact perturbation of C, which is the sum 
of two skew-adjoint operators on L^(]R^; G~^(ix). The spectrum of £ + aA is a 
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sequence of eigenvalues by classical perturbation theory ([14j). Introducing the 
following subspaces oiY = L^(]R^; G~^dx): 

Yo = {cueY; [ u{x)dx = O} = {G}^, 

Yi = {ue Yo; [ Xju{x)dx = for j = 1,2} = {G; d^G; SaG}^, 

Y2 = {ujeYi; [ \x\'^uj{x)dx = 0} = {G;diG;d2G;AG}^, 

which are invariant spaces for C and A, the following spectral bounds for C + aA 
are proved in |lpj, 

Spec(£ + aA) C [zeC] Re{z) > O} in F, 
Spec(£ + aA) C [zeC] Re{z) > ^} in Yq, 

Spec(£ + aA) C {z G C; Re{z) > l} in Yi, 

Spec(£ + aA) C {z G C; Re{z) > l] in Y2, if a ^ 0. 

These spectral bounds allow us to obtain estimates on the semigroup associated to 
jC + aA, which can be used to show that Oseen vortex aG is a stable stationary 



solution of (1.7) for any a G M. However, these bounds are not precise. The 
eigenvalues that do not move are those which correspond to eigenvectors in the 
kernel of A. All eigenvalues of £ + a A which correspond to eigenvectors in the 
orthogonal complement of ker(A), have a real part that goes to +00 as |a| — )■ 00, 
observed numerically by A. Prochazka and D. Pullin [TS] and recently proved by Y. 
Maekawa |16j . 

In this paper, we are interested in pseudospectral properties of this linearized 
operator. We conjugate the linear operators C and A with G^/^, then we obtain two 
operators on L^(]R^; dx) 

(1.9) Lu = G-^/^CG'/^uj = -Au + - ^u, 

16 2 

(1.10) Mio = G-'/'AG'/'io = v''-Vio- ^G'^'x ■ {Kbs * (G^/'u;)). 

Up to some numerical constants, L is the two-dimensional harmonic oscillator, which 
is self-adjoint and non-negative on L^(M^; dx). On the other hand, both terms in M 
are separately skew-adjoint on L^(]R^;dx). Letting 

■Hc^u = Lu + aMu, u e L'^{R^;dx) 

(1.11) =(-Au + ^u; -l-u)+a [t;^ ■ - Ig'^^x ■ [Kbs * (G^/'u;))" 

lb 1 ' 
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our aim is to give estimates for the resolvent of the non-self- adjoint operator Tia 
along the imaginary axis, in the fast rotating limit a — ?■ +00. 

1.2. About non-self-adjoint operators. In many problems originated from math- 
ematical physics, one encounters a linear evolution equation with a non-self-adjoint 
generator, of the form H = A + iB, where A is self-adjoint, non- negative and iB 
is skew- adjoint such that A,B do not commute. A is usually called the dissipative 
term and iB the conservative term. The conservative term can affect and sometimes 
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enhance the dissipative effects or the regularizing properties of the whole system. 
When a large skew-adjoint term iB is present, the spectrum and the pseudospec- 
trum of the whole operator H may be strongly stabilized. In particular, the norm 
of the resolvent \\{H — z)~^\\ may tend to quickly. 

In the paper |7], a one-dimensional analogue of Tia is studied by I. Gallagher, T. 
Gallay and F. Nier 



(1.12) H, = -dl + x^ + -J{x), xeM, 

where e > is a small parameter, /: M — t- M is a bounded smooth function. Here 
the limit e — > corresponds to the fast rotating limit a +oo. They studied the 
asymptotics of two quantities related to the spectral and pseudospectral properties 
in the limit e — >■ 0. More precisely, they define E(e) as the infimum of the real part 
of the spectrum of i^e and 

^(e)-i=sup||(/f,-zA)-l 



as the supremum of the norm of the resolvent of along the imaginary axis. Un- 
der some appropriate conditions on /, both quantities S(e), \E'(e) tend to infinity as 
e — )■ and lower bounds are given by using the so-called hypocoercive method. Fur- 
thermore, they focused on Morse functions of C^(]R;]R) which are bounded together 
with their derivatives up to the third order, and which behave like \x\^^ as |x| oo 
(Hypothesis 1.6 in [7]). For functions verifying these hypotheses, some precise and 
optimal estimates on \E'(e) are proved (Theorem 1.8 in |7|): there exists M > 1 such 
that for any e G (0, 1], 

< ^'(e) < — , with V = . 

Their proof is based on the localization techniques and some semiclassical subelliptic 
estimates. 

In our recent work ^J, a two-dimensional non-self-adjoint operator is considered 
(1.13) = -A+ |xp + aa(|a;|)ae, x G M^ 

where a{r) = r^^(l — e^*"^), de = Xid2 — X2di and a is a positive parameter tending 
to infinity. Note that up to some numerical constants, the differential operator 



is equal to the operator Tia given in (1.11 ), by neglecting the second member in the 



skew-adjoint part aM, which is a non-local, lower-order term. In that paper, we 
gave a complete study of the resolvent of Ca along the imaginary axis in the limit 
a — )■ +00 and proved an estimate of type (Theorem 2.2 in [5]) 

(1.14) sup||(£„-a)-i^(i(«2)) <Ca-l/^ 

ASM 

which is optimal. The result is established by using a multiplier method, metrics on 
the phase space and localization techniques. 



The present paper is devoted to proving resolvent estimates similar to (1.14) for 



the whole linearized operator "Hq in (l-H)- 



Acknowledgements. The author would like to thank Professors I. Gallagher and 
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detailed motivation arguments. In particular, the author is very grateful to the 
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invitation of the summer school "Spectral analysis of non- self adjoint operators and 
applications", held in University Rennes I, June 2011, where the notes [8] were taken. 

2. Statement of the result 



2.1. The theorem. Using the notations in Section 1.1, we consider the operator 
on L'^(R^;dx) 

IxP 1 

HaUJ = -Au + ——U - -U 

16 2 ^ 



self-adjoint and non-negative on 

(2.1) + av^ ■ Vuj - ■ {Kbs * (C'/'w)) . 

^ V ' 

skow-adjoint on 



where G, v are given by (1.5), K^s is given in (1.2) and a > 1 is a large parameter. 
The real part of Ha is the two-dimensional harmonic oscillator and the imaginary 
part of Ha is the sum of a divergence-free vector field and a non-local integral 
operator, multiplied by the circulation Reynolds number a. 

The skew-adjoint part of Ha vanishes on radial functions and in particular the 
function e~'^' is an eigenfunction of Ha corresponding to the eigenvalue 0, for 
any a G M, which implies that the ground state of the two-dimensional harmonic- 
oscillator does not move under the large skew-adjoint perturbation. Moreover, one 
can also check that the skew-adjoint part of Ha vanishes on the functions Xie~'^' 
a;2e~'^' /§. Thus we shall work in some subspaces of L'^(R.^;dx), defined below. 

Using polar coordinates in M^, for > 1, we define the subspace of L^(]R^; dx) 

(2.2) Xk, = jo; G L\M.'^;dxy, uj{r cos 6, r sin 6) = Mr)e'^^}, 

\k\>ko 

which is a Hilbert space equipped with the norm || ■ ||l2(m2) and which is an invariant 
space for Ha- 

Definition 2.1 (Domain of Ha)- Let 

D = {tue L2(M2). ^ e H^R''), \x\^u G L2(M2)}. 

Then {Ha,D) is a closed operator on L^(]R^). Moreover, for any ko > 1, Ha is 
a closed operator on Xk^ with dense domain D fl Xk^ and its the numerical range 
defined by 

Q(Ha;Xko) = {("HaW, w)l2(ir2) g C; w g DnXfc,,, ||w||i2(K2) = 1} 

is included in the set {z G C; Re^; > A;o/2}, so that its spectrum is also contained 
in {z G C; Rez > ko/2}. 

Now let us state our main result. 

Theorem 2.2. There exist constants C > 0, k^ > 3, > Sir such that for all 
a > ao, X eR, for all u G C(j"(]R^) n X^q, we have 

(2.3) ||CH„ -zA)u;|U2(M2) > Ca^'''\\\De\^'MW{m. 

where \Dg\^/^ijj = \k\^^^uJk{r)e'^''^ , for tu = u;fc(r)e*^^. In particular, we have 

(2.4) \\{Ha-^Xr'\\cix,^^<C-'a''/%'^'. 
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The resolvent estimate (2.4) gives information about the pseudospectrum of the 



family of operators {'Hq,}q,>i. 

Definition 2.3. For the operators {'Ha}a>i on Xk^, we define the pseudospectrum 
of {'Ha}a>i CLS the Complement of the set of z & C such that 

37Vo e N, sup ma - < +00. 

a>l 

Corollary 2.4. The pseudospectrum of {'Ha}a>i is included in the set 

{zeC; Rez> Ca^^^kl^'^}. 
Indeed, if Re^; < 0, then for a; G -D fl X^o with ||ci;||j;^2(]i|2) = 1, 

k(j 

KiTia- z)u,u)l2(r2)\ > |Re('H„u;, w)i2(K2) - Rez| > —, 

implying - zy^\\c(x,^^) < '^K^ ■ 

Let K e (0, 1). For z = n + iX with < jj < nCa^^^kl^^ and A G M, we infer from 
the resolvent formula 



and the resolvent estimate (2.4) that 



As a result, the set {z G C; Rez < Ca^/^ky^} is included in the complement of the 
pseudospectrum of {T-ia}a>i^ so that the corollary is proved. 

2.2. Comments. 

2.2.1. The nonlocal term. The term 

is an integral operator which is non-local and skew-adjoint. This term should be 
carefully treated as it has a large coefficient a. 

2.2.2. A weight. We shall reduce the two-dimensional operator 1-1^ — "iA to a family 
of one-dimensional operators acting on the positive-half real line IR+ by using polar 
coordinates and expanding the angular variable 9 in Fourier series, indexed by the 
Fourier mode parameter A; G Z. Then we transform the problem onto the whole real 
line M by making a change of variable r = e* and multiplying by a weight e^*. After 
these transformations, the properties of self-adjointness and skew-adjointness are 



preserved (see Section 3.1), and the non-local term turns out to be a skew-adjoint 
pseudodifferential operator with £(L^(M; (it))-norm bounded above by The 
discussion is divided into different cases according to a change-of-sign situation. 

2.2.3. Multiplier method. The proof relies on a classical multiplier method. For the 



non-trivial cases where the change-of-sign takes place (see Section 3.3, 3.4), we shall 
construct a multiplier bounded on L^(M;(it), which is a pseudodifferential operator 
associated to a Hormander-type metric. The non-local term will be treated as a 
perturbation and will be absorbed by the main term letting \k\ > ko, with ko sl 
constant independent of the circulation parameter a. 
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2.2.4. The value of k^. Given eo,ei G (0, 1), we shall discuss 4 different cases given 
in (3.21 ). Then k^ can be expressed as a function of (eo, ei). For example, if we take 
Co ~ 0.462, ei ~ 0.426, then Theorem [2^ holds with kQ = 84, see (In fact, we 
can obtain /cq = 51 if we do some improvements.) 

3. The proof 



3.1. First reductions. The operator Ha in (2.1) is invariant under rotations with 
respect to the origin in M^. We can reduce the problem to a family of one-dimensional 
operators by using polar coordinates and expanding the angular variable 6 in Fourier 
series. 

3.1.1. Polar coordinates. We can write for u G L^(]R^) and v = Kbs * ^ given by 
( [L2| as 

u{r cos 9, r sin 9) = ^ Uk{r)e^^^, 
kei, 

vircos9,rsm9) = (^^r + ^e,)e^^^ 

where = (cos 6*, sin 6') and = (— sin6', cos^^). The relations diVi + ^2^2 = 0, 
diV2 — d2Vi = u become 

u'^ + —Wk = 0, w'j.- —Uk = rujk, 



so that —AkUk = ikuk, where 



1 k'^ 

-Ak = -dl --8,+ " 



If /c 7^ 0, the Poisson equation —AkVt = f has the explicit solution Q = }Ck[f], where 

(3.1) ^4/](0 = ^ / {{'-f^Hir)His-r) + C-f^His)Hir-s))fis)sds, 

where H{r) is the Heaviside function. We thus have 

Uk = iklCk[uk] and Wk = -rlCkluk]' 

if 7^ 0. For = 0, we find mq = and Wq = ruo, hence wo{r) = sijj(s)ds. 
By using the following notations: 

(3.2) a(r) = ^^, g{r) = e-^'/', for r > 0, 

and observing that v'^ = ^rcr{r)eQ, we rewrite the skew-adjoint part of Tia in polar 
coordinates as 

av^.Vu = y2'-^a{r)uk{r)e^'', 

^G'/'x . [Kss * (G^/^c)) = '^g{r)lCk[gujk]{r)e^''. 

Thus we find that for 'Ka given by (2.1), A G M and for l>j = J2kez* ^k{r)e''^^, 

(3.3) (CH„ -zA)u;)(rcos^,rsin^) = J2{Ha,k,xiOk){r)e'''' , 

kez* 
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where l-ia,k,\ acts on L^(]R+; rdr) and is given by 

(3.4) Ua^xv = -dlv drV + —v + —v - + —[ a{r)v - glCk[gv] ) - iXv. 

r lb 2 Hit \ J 

Introducing two new notations 

(3.5) = — , A = z/fc e M, 

Svr 

we are led to study the resolvent of the one-dimensional operator 'Ha,k,\ on L^(]R_(_; rdr) 
for — > +00, where (we omit the indices a, A in 'Ha,k,x) 

HkV = -o^v drV + -^v + —V - -V 

^ r J-"' 16 2 ^ 

self-adjoint and non-ncgativc on L^(R+;rc(r) 

(3.6) +i/3fc(cr(r) - z/fe)t; - if3kglCk[gv] . 

" V ' 

skew-adjoint on L^(M.+ ;rdr) 



Note that the non-local term is transformed to i(3kglCkg with }Ck given by (3.1). 
Moreover, C^((0, -|-oo)) is a core for the closed operator "H^ with domain 

D{nk) = {ve L2(M+;rdr); d^v, ^drV, ^v, rh e L\R+;rdr)}, if \k\ > 2, 
and D{Hk) = {v e L\R+;rdry, d^v, r'^v G L'^{R+;rdr)] , if |A;| = 1. 



3.1.2. Change of variables. We wish to transform the operator in (3.6) acting 
on the positive half-line into an operator acting on the whole real line, by making 
the change of variables r = e*. A simple but key observation is 

Lemma 3.1. For v E L'^(R+;rdr) , define u{t) = f(e*). Then 

(3.7) \\e^u\\h(^K.dt) = / |e*M(t)|^rft= / \v{r)\^rdr = \\v\\l2(^^^.^ar)- 

Jm. Jo 

Moreover, forv G C^((0, +oo)), multiplying {'Hkv){e^) by the weight e^*, we have 

(3.8) e^\Hkv){e') = (^n)(t), for u{t) = v{e'), 
where 

16 2 

(3.9) + t^e''{a{e') - v^) - t^ue^' g{e'){k^ + DlY^e^' g{e'). 
Proof. Indeed, we have 

r'^{dl + r-^dr) = {rdrY = for r = e*. 
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On the other hand, by the definition (3.1 ) of /Cfc, we have for v G C^((0, +00)), 



2\k\ 
1 

m 
1 

2\k\ 
1 



+00 



e''g{e') 



e''g{e' 



s 

t. \k\ 



\k\ 



H(e')H(s-e') + 



S\\k\ 



H(s)H(e' - s) 



g{s)v{s)sds 



Hie' - e*) + 



Hie' 



g{e')v{e')e''ds 



e''g{e') 



e-\^\^"'^H{s-t) + e- 



\k\{t-s) 



H{t - s) e^'g{e')v{e')ds 



e''g{e')e 



2\k 

For 7^ 0, we have 



"\^\\'-^\e^'g{e')u{s)ds. 

p-\k\\t\ AtTj^ 

2\k\ • 



(see Lemma |4.4 ) so that the non-local term gJCkg becomes 

e''{g)Ck[gv]){e') = {e^'g{e'){k' + Dl)-'e''g{e')u){t), for u{t) = v{e')., 

which is a self-adjoint, positive (non-local) pseudodifferential operator on 
The proof of the lemma is complete. 



\dt). 
□ 



When given by (3.9) is viewed as an operator on L^(]R; dt), we see that 

1 



d,+k + e e 



self-adjoint and non-ncgativc on L2{l;;iit) 

+ iPke^'{a{e') - z/,) -ip,e^'g{e'){e + Dl)-^e^'g{e') . 

^ V ' ' V ' 

skew-adjoint on L'^(R\dt) skew-adjoint on L2(M;dt) 

After the change of variables r = e* and the multiplication by the weight e^*, the self- 
adjoint (resp. skew-adjoint) part of l-ik in (3.6) does not lose its self-adjointness (resp. 
skew-adjointness), and in particular, the non-local term iP^gJCkg stays skew-adjoint. 
Moreover, the power 2 in the weight is the only power to keep these properties 
unchanged. 

In view of (3.7) and (3.8) in Lemma 3.1 , the problem is reduced to prove estimates 
for the operator in (3.9) of type 

(3.10) \\e'^^kU\\L^R;dt) > C'|/3fcri|e*M||L2(R;dt) 

for some a > 0, which correspond to the estimates for the operator Tik given in (3.6) 

(3.11) \\nkV\\L^(^^^,rclr)>C\/3knv\\L2( 

where u{t) = f (e*), since we have exactly 



■,rdr) 1 



\e '^kU\\i,2t 



L'^{^-4t) — ||'^fc^||L2(R+;rdr)) \\^" '^W L'^ {R:dt) — 1 1 "^^ 1 1 L2 (IR+ ;rdr) • 

Furthermore, we need only to prove estimates (3.10) for u G C^(]R), since it is 
enough to get ( [3ll| for v G C^((0, +00)). 

As in f5|, we divide our discussion into different cases, according to the change-of- 
sign situation of cr(e*) — Vk, where the function a is given in (3.2). Note that (^(e*) 
is a decreasing function of the variable t and has range (0, 1). When cr(e*) — Vk does 
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not change sign, it is easy to deal with by using the multiphers Id, ±ild (see Section 
3.2|). If cr(e*) — changes sign at one point, it is more complicated (see Section 



3.3 



3.4). In this case, we will construct a multiplier well-adapted to this change- 



of-sign situation, which is a pseudodifferential operator depending on a Hormander 
metric on the phase space. Compared with the method in [5], the multiplier that we 
shall construct is a global one, because of the existence of the non-local term, which 
possesses a large coefficient and would produce a commutator of size \(3k\ if we just 
used a partition of unity on as done in j5]. 

3.1.3. Notations. In Section 3.2[ 3.3 and |3.4[ we shall always assume that k > 
1 hence (3k > 0, and we denote by || ■ ||, (■,■) the L^(]R; (it)-norm, inner-product 
respectively. We shall also be able to neglect the term — |e^* in the real part of ^k 
and by introducing two notations. 



(3.12) {Dk)-' 
we shall study 



( + 



lit) 



(3.13) 



^k = + e + 



1 

— ( 
16 



-,4* 



+ t^ke^'{a{e') - Uk) - ihl{t){Dk)-h{t). 



In fact, as soon as we prove (3.10) for ^k in ( 3.13[ ) with a > 0, we have for the 

^e2*)M||L2(K;di) 

> C/3^||e*-u||i2(iR.^j) - -||e*-u||2,2(]R.rf4), 
so that it suffices to let a large enough since > 1, > a/Svr. 



operator ^k given in (3.9) 

\\e-'^ku\\L^ 



(R;dt) 



We present in Appendix 4.3 some inequalities concerning the functions o and g 
given in (3.2) that will be used in the proof. We have for all u G C^(]R), 



(3.14) 
(3.15) 



{{Dl + k'' + —e*')u,u)L2^^,dt), 



Re{^kU,u)L^R-dt) 
< {l{Dky'^'yu,u)L^R;dt) < k~'^\\lu\\h{R;dt)^ by Lemma [43 



where ^k is given in (3.13) and 7, (-Dfc) are given in (3.12). 

3.2. Easy cases. In this section, we study the cases where cr(e*) — Uk does not 
change sign, that is z/^ > 1 or z/^ < 0. 



Lemma 3.2. Suppose Vk^ ^- There exists C > such that for all k > 1 , a > 8tt 
and for u E Cq 



(3.16) 



\e-'^ku\\ > C(3l^^\\e'u\ 



where J^k is given in (3.13) and /3k is given in (3.5). 

Proof. If Uk > 1, then cT(e*) — z/^ is non-positive. Using the multiplier — ild and by 
(3.15), we have 

Re(^A,.M, -iu) = f3k{e^^{uk - (T{e^))u,u) + f3k{-f{Dk)~'^-fu,u) 
(3.17) >f3k{e^'{l-a{e'))u,u). 
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Adding (3.14), (3.17) together, we obtain 



Re(iffc«, (1 - > {(^k^e-^' + /3k{l - a{e'))y^'u,u). 



Then using the second inequahty in (4.17), we get 



Re(e'*^fcM,e*(l - i)u) > C^\!'\e'^u,u) = Cpl^^\\e' 



u 



By Cauchy-Schwarz inequahty, the estimate (3.16) is proved. 



□ 



Lemma 3.3. Suppose t'fc < 0. There exists C > such that for all k > 2, a > Svr 

and for u G Cq 



(3.18) 



\e-'^ku\\ > Cf3l^^\\e'u\ 



where is given in (3.13) and (5^ in (3.5). 

Proof. If z/fc < 0, then cr(e*) — is non-negative. Using the multipher zld and by 
(3.15), we have 

Re(=SffcM, w) = /3fc(e^*(o-(e*) - Uk)u,u) - (3k{'j{Dk)''^'ju,u) 

> I3k({e^'a{e')u,u) - k'^\\e^'g{e')u\\^ 



Using (4.12), we get for k >2, 

(3.19) Re{^kU,iu) > (l - (45)"i)/3fe(e^V(e*)u, m). 



with 1 - (45)-^ > 0. Adding ( [3.14^ , ( |3.19D together we obtain 

Re{^kU,il + t)u) > ((^6^*+ (l-(45)-i)/3fca(e*))e2VM), k>2. 



.16 

Using the first inequahty in (4.17), we get 



u\ 



k>2. 



By Cauchy-Schwarz inequahty, the estimate (3.18) is proved. 



□ 



Remark 3.4. When k = 1 and = 0, the imaginary part of Tii vanishes on the 
function t>(r) = rg{r) G DfJ-Li), i.e. we have g}Ci[gv] = av. Consequently, when 
z/fc = 0, the imaginary part of vanishes on the function u{t) = e^g{e^). 

3.3. Nontrivial cases. We turn to study the cases where the change-of-sign of 
(j(e*) — z/fc takes place, that is £ (0, 1). We have thus Vk = o"(e*'') for some € M. 
Then the operator can be written as 

(3.20) = Dl + P + le^* + iPke'\a{e') - a(e*^)) - iMit){Dk)-'l{t). 

Suppose eo,ei G (0,1). We discuss four cases according to the behavior of the 
function a near the point 6**=: 



(3.21) e*'=>eoi or 6**= G [ei, or 6**= G (/^^ ei) or e*'= < /3, 



-1/4 



Before going through the proofs for each case, let us first choose some functions that 
will be used to construct the multiphers. Suppose that cq G (0, 1) is the constant 
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chosen in Proposition 4.7, Let Xj ^ C°°(]R; [0, 1]), j = 0, 1, —1, satisfying that 
'suppxo C [-Co, Co], 



(3.22) 



X+ = 1 on [co, +oo), SUPPX+ C +oo), 
X- = 1 on (-00, -Co], suppx- C (-oo, , 



See Figure [T} Choose a function xo ^ C'o°(I^; [0, 1]) such that 




Figure 1. The functions xo,X±- 



(3.23) Xo = 1 on [-2co,2co], suppxo C [-3co,3co]. 
Take a decreasing function ip G C°°(]R; [—1, 1]) such that 

(3.24) t/- = 1 on (-00,-2], = -1 on [2, +oo), ip' = - 

We can assume that ip has a factorization 

(3.25) ip{e) = -e( 
where e G Q°°(M; [0, 1]) satisfies^ that 



on [-1,1]. 



e{9) 



for e G [-1, 1], e(^) = \e\-^ for \e\ > 2. 



3.3.1. Plan of the paragraph. The sections 3.3, 3.4 are organized as follows. Recall 



the four cases given in (3.21) and we give in Proposition 4.7 inequalities about the 



function a that will be used in the proof for the first three cases. 

is devoted to the proof for Case 1 where e** > eg ^. We shall construct 



Section 



3.3.2 



a multiplier adapted to the change-of-sign situation. Moreover, there is a special 



localization effect in this case (see Remark 3.13). 

In Section 3.3.3, we prove estimates for Case 2 where e**^ G [ei, Cq ^]. The multiplier 
to be used in this case is the same as that in Case 1. 

""^We denote by C^(E; [0, 1]) the set of smooth functions defined on M with values in [0, 1] such 
that all their derivatives are bounded. 
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In Section 
multiplier wil 



3.4.l| we prove estimates for Case 3 where 6**= G {Pi^^^^,ei). The 



be different from that in the previous cases and the condition e * > 



/3f^ is required such that the metric verifies the uncertainty principle. 



Finally, Section 3.4.2 is devoted to proving estimates for the last case where e < 



P). and estimates are easily obtained by using the multipliers Id, —ild. 



3.3.2. Case 1: e*'' > Cq^. We present in Proposition 4.7,(1) some inequalities about 
the function a that will be used in this case. 



Theorem 3.5. Suppose e** > 
k>ko, a> Stt, u e C^iM), 



There exist C > 0, ko > 1 such that for all 



(3.26) 



\e-'^ku\\ > C(3l^^\\e'u\ 



where is given in (3.20) and j3k is given in (3.5) 



a. Definition of the multiplier. We first give the definition of the Hormander- 



type metric that we shall work with (see Appendix 4.1) 



Definition 3.6. Define a metric on the phase space 

T=dt^ + 



X 



which is admissible with 

(3.27) Ar = (r^ + /3f)^/^>/3f >0 



a X 1/3 



57r' 



> 1, provided a > 8n. 



Remark 3.7. We give a proo f for the uniform admissibility (w.r.t. k > l,a > Stt) 
of the metric F in Lemma 4.1 Moreover, the function /(/^^^ ^^^r) belongs to 5(1, F) 
whenever f E S{1 



' 1+^2/' 



since for any n G N, 



< C„(l + |/3;'/Vn-"/^/3r^' = CnWT + r')-^'- 
Now we can construct the multiplier, using the functions that we have chosen in 



(3.22), (3.24) 



Definition 3.8. 

(3.28) 

where 



m 



0,k 



mo^k{t, r) = xo{t - tfc)tiV^(/3fc ^^V)tlxo(i - 4), 
m+,fc(t,r) = -i/3fc^''\+(t -tfc)^ 
m_,fc(t, r) = i(3~^^^x~it - tkf, 
where stands for the Weyl quantization for the symbol a and jj denotes the com- 



position law in Weyl calculus. (See Appendix 4-1 for Weyl calculus.) 
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Remark 3.9. The functions Xo{t — tk), X±{t^k), 'ipiPk ^^'^t) are real- valued symbols 
in 5(1, r). Then Mk given in Definition 3.8 is a bounded operator on L^(]R;(it). 



Moreover, we see that 

(3.29) m^, = xo{t - hmp;'^'Dt)xo{t - h) 
and Mfc can be written as 

Mu = Xoit - tk)ij{fi^'^'Dt)xo{t - h) - if3l^'\+{t - tkf + il3l^'\-{t - hf. 
Furthermore, the operator e*M^e~* is bounded on L^(]R; dt), since 

(3.30) e'ml,e-' = [e*-*^xo(t - U)] HPk'^'Dt) [xoit - h)e-^'-''^] , 

and |e^(*-**)xo(i-4)| < e'^^. 

The three parts in Mk are used to handle different zones in the phase space. We 
use to localize near the point tk, where the change-of-sign of (^(e*) — cr(e*'=) 

— 1/3 

happens. The Fourier multiplier ^/'(/3^ Dt) allows us to obtain some subelliptic 
estimate in this zone, acting with the skew-adjoint part of As we shall see in 
the computations, it is important to put the cutoff function xo{t — tk) on both sides 

— 1/3 

of '?/'(/3^ Dt), so that we are able to do symbolic calculus with the exponential 
functions since they are all localized near tk- 

The other two multipliers ^ are used for dealing with the zones where there 
is no change-of-sign of cr(e*) — a{e^''), that is t away from the point tk, and the sign 
of m+^k,^-,k corresponds exactly to the sign of o"(e*) — (T(e*'=) on their supports. If 
the non-local term iPkl{Dk)~'^'^ were not present, then we could remove the factor 
13^^^^ to get better estimates in these zones, as we have already done in [S]. However, 
we see that the non-local term has a large coefficient Pk and it does not commute 
with x±it — tk), so that we would obtain a commutator of size Pk that we would not 
know how to control. Our strategy is to weaken the multiplier in these regions by 

— 1/3 

multiplying a factor 

The method that we use here is perturbative: the non-local term is treated as a 
perturbation with respect to the main term o"(e*) — a{e^''). Thanks to the operator 



{Dk) ^ and the nice function 7(t) (see (3.12)), this perturbation is controlled by 



the main term with an extra factor A;~^. Letting k > k^, with /cq > 1 a constant 
independent of the parameter a, we can get the desired result. 

However, it is of course impossible to consider the non-local term as a "global" 
perturbation, i.e. to absorb it by a term controlled by ||e~*^fc,o^||L2(iR;rft), where ^k,o 
is the unperturbed part of ^k'- in fact the size of that perturbation is [5k and the 

1/3 

best estimate we can hope is controlling a factor . We have instead to follow our 
multiplier method to check the effect of the perturbation. 

b. Computations. Now let us compute 2Re(^fcW, M^m). 

Proposition 3.10. Suppose e**^ > eo"*^. There exist c, C > such that for all k >1, 
a>8n, ue C^(M), 

2Re{^kU,Mku) > cl3l^''{p{t,tk)u,u)-C/3l^''k~\{e''')\\e^'g{e')'/\f 
(3.31) - 2pl^'kr^e^'gie')x-uf - C\\Dtuf - Ck'Wuf - C\\e^'uf, 
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where is given in (3.20), Mk in Definition 3.8, Xo,X± (3.22), a,g in (3.2), Pk 
in (3.5), 

(3.32) p{t, tk) = Xo{t - tkf + e^'a{e'^)x+{t - tuf + e^'a{e')x-{t - t^f 

(3.33) and ^(e*^) = ^(e*^-)'^'max (l, |2 - -e^^H, U - -e^** + — e^*H). 

' /111 o 16 



Proof of Proposition 3.1(\ First recall that for all u G (1 



(3.34) 



Id 



In the following computations, we omit the dependence of Xj{^ ~ tk) on t — for 
the sake of brevity. 

Estimates for 2Re(=^fcM, rriQ^Ai) ■ 

A := 2Re(^fcM,m;ffcM) = 2Re{i(3ke^\a{e*) - a{e^''))u,m'^,^u) 

-2Re(^/3fc7(^fc)"V,<fcW) 



(3.35) 



Noticing XoXo = Xo and (3.29), we have 



A, = 2Re(2/3fce2*(a(e*) - a(e*'=))M, XoV^(/3fc '^'A)Xow) 
= 2Re(^Moe'*(a(e*) -(T(e*''))xon,^(/3,:'/'A)xo^^) 
= (U(/3fc'^'A),^/3fcXoe'*(t^(e*) -a(e*^))lxoW,Xow). 



By (4.19), we know that the symbol /3fcXoe^*(o"(e*) — cr(e*'=)) belongs to S{l3k, F) and 
we get 

"V;(/3,-'/'A), 2/3,Xoe'*(cr(e*)-a(e*''))] =6^ + ^, 

where 61 G 5'(/3fcAp^,F) is a Poisson bracket and ri G S'(/3fcAp^,F) C 5(1, F), with 
Ar given in (3.27) (see (4.11)). More precisely, we have 



/3f V^'(/3."'/M|(xoe-(a(e*) -a(e*^))) G S(/3f ,F). 



By (|3^, (13^ and (|4a8|), we have in the zone {\t - tk\ < 2co, |r| < /Sl^^} 



b,it,r) = /3rV(/3,-^/M|(e^'(c^(eO - c.(e*^))) > y/^f • 
This implies for all t, r G M, 

(3.36) < 61 (t, r) + ^t' + Ci/jf (l - Xo(2(t - t.))) e 5(A^, F), 

where Ci = 2 1| &i ||g 5,^^2/3 Indeed, the function 

6i(t,r) + C,Pl^^(l - Xo(2(t - tfc))) > Yf^T for alH G M and |r| < /^J 



1/3 
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and it is non-negative for all t, r G M ; if |r| > /S^^, then > fi^J^ ■, which proves 
the inequality in (3.36). Moreover, each term in the right hand side of (3.36) is in 
5'(Ap,r). The Fefferman-Phong inequality (Proposition 4.2) implies 



Applying to Xou and noting Xo(-)Xo(2-) = Xo(-)> we obtain 

C C 
^1 + y(A^XoM,Xom) = {(Y^t +bi)xoU,Xou) + {riXoU,Xou) 

> Y/3f IIXot.|r-C"||xo«f. 

On the other hand, we have 

{Dhou,Xou) = \\DtXou\\' < 2\\xoDtuf + 2\\x'ouf 

<C\\Dtuf + C\\uf, 

which gives 
(3.37) 



A,>^pr\\xour-c\\D,ur-c\\ur. 



For the term A2 defined in (3.35), we have 

= -2Re(^/3fc(Dfc)-V,7<,fc«) 
(3.38) =: A21 + A22. 



For A21 in (3.38), since i(-Dfc) ^ is skew-adjoint and is self-adjoint, we have 

(3.39) A21 = t^k{[{Dkr\m^^,]^u,^u). 

Recalling (3.29) and noting that {Dk)^"^ commutes with il){f3^^^^ Dt), we get 

(3.40) [{D,)~\ml,] = [{Dkr',Xo]HPk'^'Dt)xo + XoHPk'^'Dt)[{Dk)-',Xo]. 
We compute the commutator as follows 

[{D,)-^xo] = {Dk)-\o-Xo{Dk)-' 

= {D,)-' (xo(A' + k') - {Dl + k')x,) {D,)-' 



(Dfe)-VoA(A)-' + i{Dur'Dtx'^{D,) 



-2 



which implies 

[{D„)-\xo]Dt = I {Dk)-'x'oDt{Dk)-'Dt+i {Dk)-'Dtx'o{Dk)-'Dt 

<fc-2 <1 <(2fc)-i 

5, 



<(2fc)-i 



and 



4 



The factorization (3.25) of ip gives 



OSEEN VORTICES 



17 



SO that 



has norm <Ck 



bounded 



and 



\{[{D,)-^xo]H(3k'^'D,)xolu,^u)\ < Cfi,'/'k-'\\xolu\\\M\. 
Similarly we can get 

\{XoH^k'^'Dt)[{D,y',xohu,7u)\ < CP,'/'k-'hu\\\\xolu\\. 
By ( |339| ) and ( [3lo| ), we obtain 

(3.41) |/l2i|<C/3f/Vlxo7«llll7«l|. 
For the term A22 defined in (3.38), we have, using (3.29) 

so that we should compute the commutator [7, for which we will do 

some symbolic calculus with the metric F given in Definition 3.6 The symbol 7(t) 
is in S{1, F) since 7(t) = e^^e"*^ belongs to C^(]R), and we get 

where 62 G 5'(Ap^,F) is a Poisson bracket and r2 G S'(Ap'^,F) C S{(3^^,T), with Ar 
given in ( |3.27[ ) (see ( 4.11[ )). By direct computation, we have 

t 

= -7/3;' V(/3;'/'r)7'(t) G S{^,''\ F) 



/3.~'V(/3r^V)tl7'(t) + &3 + r3, 



^1/3 



where 63 e ^(/S^ '^'Af \ F) is again a Poisson bracket and r3 belongs to S'(/3^ Ap , F) 
thus to 5(/3^\F), since Ar > PU"^ . We continue to expand 63 

&3 = -^{-^/3;'^V(/3.-'/M,y(t)} 

= V(/3.-^/V)7"(t) G 5(/3,-^/^ F) 



1/3 - 



= -2/3."'V(/3r^'^)tl7"(t)+r4, 
with r4 G S'(/3^^/^Af \ F) C 5(/3^\F). Thus we get for w G C^iM), 

where r2,r3,r4 G S{/3^^,T). Since ip' {/3^^^^ Dt) and ip" {/3^^^^ Dt) are bounded on 
L^(]R; (it), we deduce that for w G C( 



-1/3^ 



||[7(t),^(/3,-'/'A)]^|| < C/3,^/l7'^ll +C^/3.-'/l7"^ll 
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Applying the above inequality to XoU, we get the estimate for A22 defined in (3.38): 
\A22\ < 2mDkr'lu\\\\xob,H(3k'^'Dt)]xou\\ 



(3.42) <2f3,k~^ju\\ X 



-V3|| / 



-2/3|| // 



Xou\\+CP^'\\Xou\\). 



It follows from ( |3.38[ ), ( |3.41[ ) and ( |3.42| ) that 

<C/3f A:-l7«ll X (IIotII + llxoY^II) 
(3.43) +C/3;/Vl7«IIIIXo7"^ll+C^A:-2||7«IIIIXo«l|. 
Recall 7(t) = e^*g{e^) = e^^e"^'*/® < 8/e and g{e^) = e-^''/^ then 

(3.44) 
Letting 



7' (t) = e-,(eO (2 - ^e-) , 7"(t) = e'W) (4 - + ^e^) . 



(3.45) 



1 3 1 

K{r) = ^(r)^/2max(l, |2 - -r% \4 - -r^ + —r^\) 



we deduce from (3.43) that 
(3.46) 



A2\ < CI3l'\-^K{e'^)\\e^'g{e'Y'^u\\'' + Ck- 



\u\ 



Remark 3.11. When e** is taken large (and we do not need k large), K(e*'=) is very 
small. In particular, if eo is small, since e*'' > eg ^, fi;(e**) is bounded above by K^e^^). 



For the term A^, defined in (3.35), we have 

A3 = 2Re{Dlu,ni'^f^u) + 2Re{k'^u,m!^^^u) + ^Re(e^*M, m^^^w) 
(3.47) =: A31 + A32 + A33. 



For A31 in ( |3.47| ), 

v43i = 2Re(Au,Am;^;,M) 

= 2Re(An, m^fcAw) + 2Re(AM, [A, m^fc]^) 

Since mo,fc G 5(1, F) and r G S'(Ar,F), the double commutator \Dt, [A,'"^o,fc]] has 
a symbol in 5(1, F). We get 



(3.48) 



\A^i\<C\\Dtu\\^ + C\\u\ 



Using the L (M; (it)-boundedness of rriQ ^, we get for A^2 defined in (3.47) 
(3.49) 



A32 < Ck^\\u\Y. 



For A33 in (3.47), we have by (3.30) 



U33 = Re(e^*M, xoV^(/3fc '^'A)xow) 

= Re(e2*«, e2*Xo^(/3,"'/'A)Xoe-^* e^*^). 



Hence 
(3.50) 



bounded on L2(M;dt) 



UI33 <ciie^*«r. 
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By ( |3^ , ( [3^ , ( [3l9| ) and (|3]50|) we get 



(3.51) 



2i„,l|2 



We deduce from (3.35), (3.37), (3.46) and (3.51) that 



A>^pT\\xour-cprk-''<^ 



(3.52) 



- C\\DtuY - Ck'\\u\Y - C\\e''u\\\ 



with fi;(e*'') given by (3.45). 

EsUmates for 2Re(^.n, . Recall that , = -^Pl"\^{t - t,f. 

5+ := 2Re{^kU,ml^^u) = 2Re{^kU, -i(3^^''Wu) 

= 2Re(^/3fce2*(a(e*) - a(e*^))M, -z/^^'^'x^m) 

- 2Re(z/3fc7(A)-'7w, 

+ 2Re(A'w, 
(3.53) =:5+ + 52+ + 5+. 



The support of x+(^ ~ ^fe) is included in the set {t — tjt > Co/2}. By (4.20) we have 

Bt = 2pl'\e'\a{e'-)-a{e'))u,xlu) 
(3.54) >2c,pl'\e^'a{e'^)xlu,u). 



For i?2 in (3.53) we have 



Pl'^2Re{x+{Dk)-hu,x+lu) 
/3f 2Re([x+, (/^fc)"']7w, X+7w) + /3r2Re((Dfc)-\+7M, x+iu) 



>0 



The kernel of (Dk) ^]] is 

^e-'=l*-l[x+(t-t.)-X+(s-4)]', 
vanishing if max(t, s) < + Co/2 and also if min(t, s) > + Cq. Then we have 

[X+, {Dky^]]-fu,-fu)\ 

]2, 



t-tk>CQ/2 



2k 



+ 



t-*fc<co/2 2/e 

*fe>co/2 

1 



t-tk>co/2 



2k 



k\t-s\ /„2s^/ 



^7(e^)|n(3)| e2*(7(e*)i/V(t)|Wtds 



t-tfc<co/2 2/c 
s-tfc>co/2 

< g{e'^y/^k-^e^'g{e'y/\f, 



e -|e2^(7(e^)^/V(s)| e2*(7(e*)|M(t)| dtcis 
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SO that we obtain 

(3.55) 5+>-/3f A;-^«:(e*^)||e2*^(e*)V2«iP, 

where ^(e**) is given in (3.45). For in ( |3.53[ ), we have 

which imphes 



(3.56) 



Bt\<Cp;'^'\\ur + CP, 



-1/3 



u\\<C\\Dtuf + C\\uf. 



We get from (3.53), (3.54), (3.55) and (3.56) that 



(3.57) 



B+>2c,(3l/'{eMe'')xlu,u) 

- Pl^'k-\ie'^)\\e''gie'y/\r - C||nf - C\\DM' 



Estimates for 2Re(^fcU, ^u) . Recall that ^, = ^^^X-{t ~ tk)"^- 

B- := 2Re(^fcM,m'!,fc^^) = 2Re(^fcM, n) 
= 2Re(^/3fce2*(a(e*) - a{e''^))u,il3l^'\lu) 
- 2Re{iPki{Dk)-^^u,iPl^'\lu) 
+ 2Re{Dlu,il5l^'\lu) 
(3.58) =B^+B:^+B^. 

Recall ( |4.20 ) and note that the support of X-(^^^fc) is included in {t — tk < — Co/2}, 
then we get 



(3.59) 



i?r = 2/3f (e2*(a(e*) - a{e'-))u,xlu) 
>2ci(/3f/VV(e*)x!«,«). 



For i?2 in (3.58) we have 

B2 = -2(3l'^Re{x-{Dk)~''lu,X-lu) 

= -2/3f/='Re([x-, {Du)-^]^u,x-iu) - 2l3l'^Re{{Du)-\^iu,x~lu) 
= -PT{[x-, [X-, {Dkr']]iu,^u) - 2pl/'Re{{D,)-\_^u,X-lu) 

= ■ B21 + ^22. 

For B21, we have 

> B22 = -2fJ'Re{{D,)-\_^u,X-lu) > -2PI'%-^\\x^^u\\\ 
By using the method that is used to estimate the double commutator in 5^, we find 



|i?2-J<C/3frt(e*^)||e^*^7(e*)V2 



u\ 



where K(e*'=) is given in (3.45), so that 

(3.60) B, > -2/3f fc-lx-7«ir " Cfi'J'k-\{e''')\\e''giey/\r. 
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For i?3 in (3.58), we have 
which imphes 

(3.61) ISg-l <C'/3-'/'||nf + C'/3-'/=^||a,M||||«i| <C'||Mf + ^11^^11^ 



We get from ( |3.58D , ( |3.59D , ( |3.60D and ( |3.6lD that 

B- > 2c^(5l'\e''a{e')xlu,u) - C\\uf - C||A^^f 
(3.62) - 2/3f fc-lx-e^(e*)«ir - /3f A:-^«:(e*^)||e^(e*)^/\f . 



i?nc? o/ t/ie proof of Proposition 3.1C\ By (3.52), (3.57), (3.62) and the definition 3.6 
of Mfc, we get 

2Re(^fcU,Mfcu) = A + B+ + B- 

Cl „2/3 



- C/3f fc-2«:(e*'=)||e^(e*)V2«f - 2pl'\~^X-e''g{e')ur 
~ CWDtuW^ - Ck^Wuf - C\\e^'u\\\ 



where K(e*'=) is given in (3.45). This completes the proof of (3.31) in Proposition 

[3jnl □ 



Recall the definition (3.32) of p{t,tk), then (3.31) implies 



(3.63) - C\\Dtuf - Ce\\u\\^ - C\\e^'u\\\ 



since K(e*'=) is bounded above by a constant depending on eo (see Remark 3.11 ). We 
have the following two estimates for p{t,tk). 

Lemma 3.12. There exist C^^C^ > such that for e^'' > Cq^, t G M, a > Svr, k > 1, 
(3.64) p{t,tk)>C,e''g{e'), 



(3.65) 



^fp{t,t,) + e''>C,/3i^'e 



?V3^2t 



where p{t,tk) is given in (3.32), g is given in (3.2) and (3^ is given in (3.5). 

Proof of Lemma 3.12. Suppose e*'' > Cq"*^, then (T(e*'=) > (5e~^*'' for some 5 > 0. Note 
also that the function r'^gir) is bounded. If t is in the support of Xo(" ~ ^fc); i-e. 
1^ — tk\ < Co, we have 

e^*^(e*) < Ce*^^(e*'=) < C, 
When t is in the support of x+(' — ^fc), i-e. t > tfc + Co/2, we have 



^fe2V(e*^) + e^*>(5/3fe- 



2*. +e2i,)g2t >^l/2^ 



1/3 2t 
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When t is in the support of — tk), i.e. t <tk — co/2, we have, using (4.13) and 



the first inequality in (4.17) 



e^'gie') < 16e'V(e*) 



This completes the proof of (3.64) and ( 3.65[ ). 



□ 



Proof of Theorem \3.5\ The estimates (3.63) and (3.64) imply that there exists > 
1, for all k > ko, 



2Re{^kU,Mku) > ^^f\p{t,tk)u,u) - C\\Dtuf - Ce\\uf - C\\e 



Together with (3.34), by choosing Cq > large enough, we have for k > k^, 
(3.66) Re{^kU, {C^ + 2Mk)u) > ^{(^PI^' p{t,tk) + + e + e^*)^,^). 



It follows from (3.66) and (3.65) that for k > k^, 
(3.67) Re{^kU, (Cg + 2Mk)u) > C{^l^^e^'u, u). 

Noticing that e*(C6 + 2Mfc)e~* is bounded on ^^(IR; dt) by ( |3.30| ) and that 
(^fcM, (Ce + 2Mk)u) = {e-'^ku, {e\C^ + 2Mfc)e-*) (e*^)). 



we deduce from (3.67) and Cauchy-Schwarz inquality that 

||e-*^fcM||||e*M|| > C/3y^||e*Mf , for k > ko, 

which is 

W^-t OC. n,\\ ^ nf^^ 



\e-'^ku\\>C(3l^^\\e'u\\, k > ko, 



completing the proof of Theorem 3.5 



□ 



Remark 3.13. The re is a localization effect taking place in this case. We see in 
(3.31 ) of Proposition 3.10 that the coefficient of the term ||e^*(7(e*)^/^u|p has a factor 
fi;(e*'=), which is small if 6**= is taken very large (see Remark 3.11). As a result, if 



we suppose e** large enough, this term is negligible, and the only bad term coming 
from the nonlocal operator that we need to control is 

2/3f A;-le^(e*)x-«ir. 
On the other hand, we can prove that there exists e2 > such that for all e** > €2^, 

Vfc > 2, Vt < 4 - ^, 2e2*(a(e*) - a(e*^)) > 2k-^e^'g{e'y . 

Thi s implies that it suffices to take A; > 2 to absorb the remainders and thus Theorem 
holds for kf) = 2 and 6**= > 63 ^. Furthermore, we shall see that this localization 



3.5 



effect does not present in Case 2 and Case 3. 
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3.3.3. Case 2: e** G [ei.Cp j. 

Theorem 3.14. Suppose e**-' G [eijeQ-*^]. Then there exist C > 0, fco > 1 such that 
for all k>ko,a>Sn,ue C^iM), 

(3.68) \\e-'^ku\\>C(3l^^\\e'u\\, 

where is given in (3.20) and f3k is given in (3.5). 

We present some inequalities concerning a that will be used in Case 2 in Proposi- 
47|(2). Note that they are similar to those in the Case 1 (given in Proposition 



tion 



Ell(i))- 

We use the metric F and the multiplier in Definition 3^, 3^, and we use the 
notations Ai, A2, A^, , in (3.35), (3.53), (3.58). The estimate (3.37) for Ai is 
valid with constant Ci replaced by C2 (which is given in (4.21)) and the estimate 
(3.51) for ^3 holds in Case 2. For A2, the estimate (3.43) remains true: 

\A2\ = |2Re(^/3fc7(D,)-V,^^fcW)| 

<Cpl^'k-^^u\\{\\xolu\\ + \\xol'u\\) 

+ C/3f/Vl7«ll IIXo7"^ll + C^A:-l7«||||xo«||. 
In the case where e**= G [ei,eQ"'^], we have by (3.44): 

\xo{t~hh'{t)\<c^{t), \xo{t-hh"{t)\<c^{t), 

for some C depending on ei, eg ^, so that 

(3.69) \A2\ < C^l^'k'^W^uf + Ck-^\\uf. 
For the terms B^,B^, we have by (4.23), 

> 2c2/3f (e2V(e*'=)x>,«) - CWuf - C|| A^f - 2/3f A:-l7«ir, 
B- = 2Re{^kU,m'^,^u) 

> 202^1/' {eMe')X-U, ^) ' CM' - C\\D,u\\' - 2PI'\-^^u\\\ 
Summarizing, we get that for all > 1, a > 87r, u G C^(]R), 

2Re{^kU, Mku) =A + B+ + B- 

- Cl3l^\~'\M\' - C\\Dtu\\' - Ck'Wuf - C\\e''u\\\ 
so that the following proposition is proved: 

Proposition 3.15. Suppose e*'' G [ei,eo"'^]. There exist c > 0, C > such that for 
k>l,a>8n,ue C^(M), 

2Re{^kU,Mku) > (3l'\(cp{t,tk) - Ck-'e^'g{e'fy,u) 

(3.70) - C|| Anf - Ck'Wuf - C\\e''u\\\ 

where is given in ( [3^ , Mk m Defimtion\3^ g in ( |3.2[ ), /3k in ( |3.5[ ) and 

(3.71) p(t, tk) = xoit - tkf + e''<j{e'^)x+{t - tkf + e''<j{e')x-{t - tk)\ 
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with Xo,X± defined in (3.22) and a in (3.2). 



We have the following estimates for p{t,tk). 
Lemma 3.16. There exist Cj, Cg > such that for all 6**= E [ei, eg "^], t G M, 
(3.72) p{t,t,)>Cje''gie'y, 



(3.73) 



pit, tk) > Cse 



2t 



where p{t,tk) is given in (3.71) and g is given in (3.2). 



Proof of Lemma 3.16 Indeed, we have for e** G [ei,eo^], cr(e*'') > 5. If t is in the 
support of xo(' — tk), we have \t — tk\ < cq, then 

e'^'gie'Y < C, e^* < efe^''\ 

If t is in the support of — tkji "we have t >tk + Co/2, 

If t is in the support of — ^fc)? ^6 have t <tk — Co/2, then cr(e*) > 5, 



e^'gie'Y < 3e^V(e*) (by (|4l2|), e'' < r^e^V(e*). 



Thus (3.72), (3.73) are proved 



□ 



Proof of Theorem 3.14\ (3.70) and (3.72) imply that there exists /cq > 1, for k > k^. 



(3.74) 2Re{^kU,Mku) > '^/3l^\p{t,tk)u,u) - C\\Dtuf - Ck'^\\uf - C\\e^'uf . 
Hence by choosing Cg > large enough, we get for k > ko 

Re{^kU, (Cg + 2Mk)u) > ^{[pf p{t,tk) + A' + + e'*)^,^). 



and in particular by (3.73) 



Rei^kU, (Cg + 2Mk)u) > C {(il'^e^'u, u), k> ko. 



Finally we obtain the inequality (3.68) by using the L^(]R; (it)-boundedness of the 
operator e^{Cg + Mk)e~^ and Cauchy-Schwarz inequality. 



□ 



3.4. Nontrivial cases, continued. 



3.4.1. Case 3: (3^^^^ < 6**= < ei. We present in Proposition 4.7,(3) the inequalities 
about the function a to be used in this case. Moreover, we assume ao > Svr such 
that the interval (P^^^^, ei) is not empty for any k > 1, a > Oq. 



Theorem 3.17. Suppose e*'-' G (/3^ ei). Then there exist C > 0, ko > 3 such that 
for all k > ko, a > ao, u G 

(3.75) 



\e''^ku\\ > Cpl'^\\e'u\ 



where =54 is given in (3.20) and j3k is given in (3.5) 



We shall modify the metric F and the multiplier Mk as follows. 
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Definition 3.18. 



(3.76) 



(3.77) 

where 



fc5 



^o,fc(t, r) = xoit - tfc)#((/3fce^*^-)"'^'^)ko(t - tfc), 
m+,fc(t, r) = -^(/3,e^*^)-i/3^+(t - tfc)^, 

m_,fc(t, r) = z(/3fce^*'=)-i/V(t - 4)', 



wi/i Xo; X±; fl'^'wen m (3.22), (3.24). 

Remark 3.19. Since we are in tlie region e**-' G (/3^^''^, ei), we have 

(3.78) Ar = (r^ + {Pue''^fl-'f" > {Pke''^f" > 1, 

so that the metric F verifies the uncertainty principle and moreover, F is uniformly 
admissible (see Lemma 4.1 ). Furthermore, the operator Mk is bounded on L^(]R; dt). 

Proposition 3.20. Suppose 6**= G (/3^ ^^^,ei). There exist c,C > such that for all 
k>3, a>ao,ue C^{R), 

2Re{^kU,Mku) > I3k{(3ke^'')-^'\{cp{t,tk) - Ck-^e^' g{e'fy,u) 

(3.79) - C\\Dtuf - Ck^uf - C\\e^M\\ 



where is given in (3.20), in Definition 3.18, g in (3.2), (3^ in (3.5) and 
(3.80) p(t,4) = e^*'=xo(t-tfe)' + e'*(l-a(e*))x+(t-4)' + e'*(l-(T(e*'=))x-(t-4)' 
with Xo^X± defined in ( |3.22 ) and a given in (3.2). 



Proof of Proposition 3.20 . 
Estimates for 2Re(=5ffcM, rriQ^^u) . 

A := 2Re{^kU,m'^f^u) = 2Re{i(3ke^^{(j{e^) - (j{e*>'))u,ml^u) 

- 2Re(i/3fc7(Dfc)"^7u,mnfcM) 



(3.81) 



+ 2Re((A' + A:' + ^e>,m;^,w) 



3- 



For Ai in (3.81), we get a commutator 



= 2Re(2/3fce2*(a(e*) - (T(e*'=))M, Xo^((/3fce^*'=)-V3A)xoM) 
= (U((/3fce^*'=)-i/3A),^/3fcXoe'*(a(e*) -a(e*^))lxon,Xon), 



where xo is given in (3.23). We know that, with F given in Definition 3.18 



ij{{/3ke^'T'^'Dt), z/3fcXoe'*(a(e*)-a(e*^))l = + 

^ V 

eS(&e**fe,r) by ^^25^ 
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where bi is a Poisson bracket and ri G S'(/3fee'^*'''Ap^, F) C ^(Ijr), with Ar given in 
(3.78) (see (4.11)). More precisely, 

By ( [3^ , ( |3^ and (|424|), we have in the zone {\t - tk\ < 2co, |r| < (/3fce^*'=)i/3| 
(3.82) 



tk 



)) 



This imphes for alH, r G 



(3.83) ^(/3,e^*'=)2/3 < 6,(t,r) + ^r2 + (73(/3.e^*'=)^/^(l-Xo(2(t-4))) G 5(A^,r), 
where C3 = 2||6i||q _5((-^^g4tj.)2/3 p)- Indeed, the function 

for all t G M and |r| < (/3fce^*'=)^/3^ and it is non-negative for all t, r G M ; if |r| > 
{fike^^^Y^^ ^ then > (/3fce^*'=)^/3^ which proves the inequality in (3.83). Moreover, 
each term in the right hand side of (3.83) is in S'(Ap,r). The Fefferman-Phong 
inequality (Proposition 4.2) implies 

&i(t,r)- + ^A' + C'3(/3,e^*^)^/^(l-Xo(2(t-4))) > ^{he'^^f" - C . 
Applying to xo^, we get 



C 



Hence we get the estimate for Ai. 



(3.84) 



For A2 defined in (3.81), we have 

A2 = -2Re{iM{Dk)'hu,ml^u) 



(3.85) 



= -2Re{i(3u{Du)-hu,ml^^u) - 2Re{i(3k{Dk)-^^u, [7,<Jw) 
=: A21 + A22. 



For A21 in (3.85), since i{Dk) ^ is skew-adjoint and is self-adjoint, we get 

A2i = i(3k{[{Dky^,mlk]-fu,-fu). 
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Noting that (-Dfc) ^ commutes with ^/'((/3fce^*'=) ^^'^Dt), we have 

By using the method that is used in Case 1, we can get 

|([(A)-^xo]^((/3fce^*'=)-'/'A)xo7«,7«)| < C'(/3,e^*'=)-^/3fc-^l|Xo 

so that 

(3.86) \A,,\ < CPMe^'^)-'/'k-^xolu\\hu\\. 

For A22 in (3.85), we have 

-2Re(^/3fc(Z}fc)-V, [7,<Jw) 
-2Re{t/3k{Dk)-'^u, Xo \xo7,^{{Pke''''r'^'Dt)]xou), 



A. 



22 



where Xo is given in (3.23). Since Xol = Xoi^ — tk)e'^^g{e^) G S'(e^**, F), we get 



Xo7,^((/3fce^*^-)-'/'A) 



6- + r-, 



where 62 £ S'(e^*'=Ap^, F) is a Poisson bracket and r2 belongs to S'(e^*'=Ap^, F) C 
S'(e2*'=(/3fce''*'=)-\F), with Ar given in ( [3.78^ (see ( |4.1lD ). We compute 62 as follows 

^'xo7,^((/3.e^*'=)-'/'^ 



-^(/3.e^*'=)-'/V((/3fce^*^)-i/V)(xo7)'(t) G 5(e^*H/3fce^*'=)-^/^ F) 
--(/3.e^*'=)-'/V((/3.e^*'=)-i/V)tt(xo7)'(t) + &3 + r3, 



where 63 e S'(e2*'=(/3fce''*'=)~^/3, F) is a Poisson bracket and rs G S'(e2*''(/3fce'^*'=)"\ F). 
We continue to expand 63 



2i 



-(/3,e^*'=)-V3^'((/3fce^*'=)-i/V),(xo7)'(t) 



^(/3.e^*^)-^/V'((/3.e^*^)-^/V)(xo7)"(t) 



(/3,e^*^)-2/V((/3.e^*'=)-^/V)tt(xo7)"(t) + n, 



where r4 G 5(e2*'=(;gfce^*'=)-\ F). Thus we get for w G C^{R), 
[xol,^{Wke''T'^'D,)]w = --^iP^e'^'T'^^^^ 

where r2,r3,r4 G S'(e^**(/3fce^*'=)~\ F). Using the boundedness of ip' and we 
obtain for w G Co"^(M), 

II [x,l,i^{{Pke'''')-^"Dt)]w\\ < C(/3,e^*'=)-i/i(xo7)'^ll 
+ C(/3,e^*'=)-2/3||(Xo7)"^ll + Ce2*'=(/3fee^*^)-iti;||. 
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Now the term A22 defined in (3.85) can be estimated as follows: 
\A22\ = |2Re(z/3,xo(^fc)-V, \xol,^{Wke^'')-'^'Dt)]xou)\ 



Xou\ 



< 2/3fc||xo(A)-Vll X (c(/3,e^*^-)"'/'ll(Xo7)'Xo«|| 

+ Ck-'\\g{e')u\\\\xou\\, 
where in the last inequality we use the following 

\\Xo{D,r'ju\\ = \\xoe''e-''{D,)-'e''g{e')u\\ < Ce''>'k'^g{e')u\\ 



(3.87) 



has norm < 3fc 
since fc > 3 



(see Lemma 4.5). 

It follows from (IS^, (|3^ and Ksfli that 



(3.88) 



1^2! < CP,{P,e'"')-'/'k-'\M\{\\xolu\\ + WxoiuW) 

+ CPkWke''T'^'k~^^u\\\\xol''u\\+Ck-'\\uf. 



From (3.44) we deduce that for e** < ei, 

\Xo{t - hh'{t)\ < C^{t), \xo{t - hh"it)\ < C^{t), 
with C depending only on ei, so that 



(3.89) 



\A2\ < CPk{Pke''T'^'k-^^u\\' + Ck~^uf. 



The estimate for ^3 defined in ( |3.81[ ) is the same as that in Case 1 
(3.90) \A^\ < C\\Dtuf + Ce\\uf + C\\e^'uf. 

We deduce from ( |3^ , ( [3^ , ( |3^ and ( [3^ that 



(3.91) 



A > Y(^ke''^y^'\\xour - CP,{P,e''T'^'k-'\\jur - Ck''\\u\ 
-C\\Dtuf -Ce\\uf -C\\e^'u\\\ 



Estimates for 2Re{^kU,m'^f^u) . Recall m^^f^ = -i{^ke^^^y^/^x+{t - tkf- 
B+ := 2Re{^kU,m'lj^u) = 2Re{^kU, -i(/3fce^**)"^/^x» 
= 2Re(z/3,e2*(a(e*) - a{e'^))u, -^{p,e''T'^'xlu) 
- 2Re{iPkl{Dk)-^^u, -z(/3,e^*^)-i/\>,) 
+ 2Re{D^u,-z{^,e''-r'/'xlu) 



(3.92) 



b; 



Recall that the support of x+it — tk) is included in {t — tk > co/2} and (4.26). Thus 

Bt = 2P,{P,e''''r"\e^'{a{e'-) - a{e'))u,xlu) 
(3.93) > 2c3/3,(/3,e^*'=)-^/3(e2*(l -a(e*))x>,u). 
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For in ( |3^ we get 

\B+\ = \2(3k{f3ke^'T'^'Re{j{Dk)-'ju,xlu)\ 
(3.94) <2P,i(3,e''T'^'k~'huf. 



For i?3 in (3.92) we have 

\Bt\ = \iP,e^'T'^^[Dl-^xl]u,u)\ 

(3.95) < C(/3fce^*'=)-i/3(l|w||2 + \\dM\M) < C\\DM\' + 

We get from (|3^, (jS^), ( jS^ and ( [3^ that 

5+ > 2c3/3fc(/3fce^*'=)-^/=^(e2*(l - a(e*))x^«, 

(3.96) - C\\u\\' - C\\D,u\\' - 2P,W,e''T'^'k-'huf. 



Estimates for 2Re(^fcM, ^.m) . Recall that = ■i(/3fee^*'') ^/^X-(t — t 

:= 2Re(^fcM,m!! ,.M) = 2Re(=^fcM, i(/3fee^*'=)'^/^X-M) 
= 2Re(z/3fce2*(a(e*) - a{e''))u,t{/3ke^'T'^^X-u) 

+ 2Re(A'«,z(/3fce^*'=)-i/V-W 
(3.97) = + S2" + S3-. 



Recall that the support of X-i^ ^ ^k) is included in {t — tk < — Co/2} and (4.26) 
Thus 



(3.98) 



5r = 2P,{P,e''T'/^e''{a{e')-a{e'''))u,x'-u) 
> 2cMP,e''T'/^e''{l-a{e'^))x^u,u). 



For i?2 in (3.97) we have 

\B^ \ -- 

(3.99) 



= |2/3,(/3fce^*'=)-i/=^Re(7(Dfc)-V,x'w)| 
<2/3,(/3,e^*^)-i/3fc-2H-^^..i2 



For i?3 in (3.97), we have 

\B^\ = \Wke''T'^^[Dl^x^u,u)\ 

(3.100) < C(/3fce^*'=)-i/3(||nf + \\dtu\\ \\u\\) < C\\uf + C|| A^f . 

We get from (|3^, ( [3^ , (|m|) and ( [3l00| ) that 

B- > 2cMPke''T'^He''{l - a{e'^))x'.u,u) 

(3.101) - C||nf - C|| Anf - 2/3,(/3,e^*'=)-i/3^-l7«f • 
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End of the proof of Proposition '3.2C\ By (3.91), (3.96), (3.101) and the definition 



3]T8]of Mfc, we get 

2Re(=5ffcU, Mku) =A + B^ + B- 



+ 2c3/3,(/3,e^*^-)"'/'(e'*(l - a(e*^))x'_w, 

-C\\Dtu\\''-Ce\\u\\''-C\\e^\\\'' 
> Pk{Pke''T'^'{{cp{t,tk) - Ck~'e''g{e'f)u,u) 
- CWDtuW" - CeWnW" - C\\e^'u\\\ 



where p{t,tk) is given in (3.80). This completes the proof of (3.79) in Proposition 



□ 



We have the following estimates for p(t,tfc). 



Lemma 3.21. There exist CicCn > such that for all 6**= < ei, t E M., a > Uq, 
k>l, 



(3.102) 
(3.103) 



p(^,tfc)>Cloe^*^?(e*)^ 



where p is given in (3.80), g is given in (3.2) and (3^ is given in (3.5). 

Proof of Lemma 3.21 . Suppose e**= < ei, then 1 — cr(e*'=) > 5e^*'=. If t is in the support 
of Xo(- - tk), i.e. \t - tk\ < Co, we have 

If t is in the support of x_(- — t^), i.e. t < tk — co/2, we have 

e'*^?(e*)2 < eV*^ < rV*(l - a(e*^)), 

/3fc(/3.e^*^-)-'/V*(l-a(e*^))+P 
> C{^'J'e''''/'f\k'e-''^f'e'' = Cp'J'k'/\ 



2i 



If t is in the support of x+{' — tk), i-e. t > tk + cq/2, we have, by (4.13) 

e'*^7(e*)'<8e2*(l-a(e*)). 
Suppose t >tk + Co/2, if e* < 2, we have 1 — cr(e*) > e^*/16 and then 



^2t 



2„-2t\g2t 



16 8 
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if e > 2, we have 1 — (T(e ) > 1 — cr(2) = e and then 

l/Q2/3^-4tfe/3^2t ^ 1 -4/3o2/3 2t 



This completes the proof of (fsloll), ([slOSl). 



□ 



Proof of Theorem 3.17 The estimates (3.79) and (3.102) imply that there exists 
ko > 3, for all k > ko, 



.2i„,i|2 



- C\\Dtu\\' - Ck'\\u\\' - C\\e''u 



Choosing > large enough, we have, using (3.34) 



(3.104) 2Re{^kU, {Ci2 + Mk)u) > -{[(3k{(3ke^'')-^'''p{t,tk) + + A;^ + e^')u,u). 

We deduce from ( [3l03| ) and ( [Iloil ) that for A; > fco, 

2Re(^fcM, (Ci2 + Mk)u) > C{f3l^\^\u). 

Using that e*(Ci2 + Mfc)e~* is bounded on L^(]R; dt) and Cauchy-Schwarz inequality, 
we get 



e-'^ku\\ > C(3l^^\\e'u\\, VA; > ko, 



completing the proof of Theorem 3.17 



□ 



3.4.2. Case 4-' 6**= < If e**^ < we can get estimate by using the multi- 

pliers Id and ild. 

Lemma 3.22. Suppose e**" < P^'^^^ ■ There exists C > such that for all k > 1, 
a>M,ue C^{M), 

(3.105) \\e-*^ku\\>CI3l'^\\e'u\\, 
where is given in (3.20) and Pk is given in (3.5). 



Proof. At first note that 



We have for e** < (3/^ 



Vr > 0, 1 - a{r) < -r^ 



Re{^kU,-iu) = /3fc(e2*(a(e*'=) -a(e*))u,u) + /3fc(7(Dfe)-V,M) 
>/3,(e2*((l-a(e*))-(l-a(e*^)))«,«) 

>/3.(e^*((l-^(e*))-^/3,^/^)«,«), 



so that with (3.34) we get. 



>e-l/3J/^ by plTt 



thus 



1 L 



Re{^kU, (1 - t)u) >{-- t^pl/^{e'\u) 



By Cauchy-Schwarz inequality, we complete the proof of (3.105). 



□ 
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3.5. End of the proof of Theorem 2.2 Summarizing the estimates in Lemma 



3.2, 3.3, Theorem 3.5 3.14 3.17 and Lemma 3.22 we have proved the estimate for 
the operator given in (3.13): There exist C > 0, ko > 3, ao > 1 such that for aU 
\k\ >ko,a> ao, u G C^(M), 



(3.106) 



{R;dt) 



> C|/3fc|^/^||e*u||i2(K;rfj), 



and an estimate of the same type for given in (3.9) (with different constants 
C,ao). This corresponds to the foUowing estimate for the operator 'Ha,k,\ = Hk 



given in (3.4), (3.6) for v G C^((0,+oo)), by the equivalence of (3.10) and (3.11) 
(3.107) 

Then noticing (Q, we get for u = J2\k\>ko ^k{r)e'^'^ G C^iR"^) n X, 



IKK 



i\)uj\\l2 



k,a,X^k\\L^(R^-rdr) 



\k\>ko 



\rdr) 



\k\>ko 

CV/3|||DJV3^||2 



L2 



smce 



L2 



\k\>ko 



km 



^k\\L'^(^^-rdr)- 



Thus (2.3) is proved. Since fco > 3, we know that the imaginary axis does not 



intersect with the spectrum of T-ia viewed as an operator acting on X^q, which gives 
(2.4). The proof of Theorem 2.2 is complete. 



4. Appendix 

4.1. Weyl calculus. We present some facts about the Weyl calculus, which can 
be found in [12, Chapter 18] as well as in [THl Chapter 2]. The Weyl quantization 
associates to a symbol a the operator defined by 



(4.1) 



[a'"u){x) 



(27r)" 



A^~vHa{^^,Ou{y)dydi. 



Consider the symplectic space M^" equipped with the symplectic form a = Yl^=i 
dx^. Given a positive definite quadratic form F on M^", we define 

r'^(T)= sup a{T,Y)\ 
r(y)=i 

which is also a positive quadratic form. We say that F is an admissible metric if 
there exist Cq, Cq, iVo > such that for all X, F G M^", 



(4.2) 



{uncertainty principle: Fx < F^, 
slowness: Tx{X -Y) < C^^ 

temperance: 



(ry/Fx)±l < Co, 



rx<CoFy(i + F^(x-r)) 



Co,Cq,Nq in (4.2) are called structure constants of the metric F. An admissible 
weight is a positive function m on the phase space M^"', such that there exist Cq, C'q, 
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iV^ > SO that for all X, F G M^"^ 

Jslowness: Tx{X -Y) < C^"^ =^ (m(F)/m(X))±^ < C'^, 
[temperance: m(X) < (7om(F)(l + r^(X - Y))^\ 



(4.3) 



Cq,Cq,Nq in (4.3) are called structure constants of the weight m. In particular, the 
function defined by 

(4.4) Ar(X) = inf (r^(T)/r^(T))^/^ 

is an admissible weight for F and its structure constants depend only on the structure 
constants of T (see |6]). The uncertainty principle is equivalent to Ar > 1. 

We prove the uniform admissibility of a special type of metrics, including those 
we have used in the proof, given in Definition 3.6| 3.18 



Lemma 4.1. For 7 > 1, the metric on the phase space x given by 



is admissible. Moreover, the structure constants of T defined in (4.2) are bounded 
above independently of'y. 

Proof. First we notice that 

Ar = (r^ + 7')^/^>7>l, 
so that F satisfies the uncertainty principle. 

Slowness. It suffices to prove for X = {x,C,), Y = (y,ri), T = {t, r), Tx{X — Y)<s'^ 
implies Fy < CqTx. Indeed, if Fx(X - F) < then \^ - r]\'^ < s\^^ + -f^) , and we 
obtain 

e < 2(e - T])' + 2r,^ < 2s\e + 7') + 2r/^ 
thus (l-2s2)(e' + 7') <2(r72 + 7')- 
By choosing < s < l/y/2 and Co = 2(1 - 2s^)~^ > 1, we get 

Then Fy(T)=t^ + -^<t^ + ^<CoF,(T). 
Temperance. We have 

rx = (e' + 7')Mtr + Mrr, 

If I?]! < 2|^| or |?7| < 7, the right-hand side of the last inequality is bounded from 

1 1 
2 1 



above by 4. If \ri\ > 2|^| and \ri\ > 7, then |^ — ■/^l > ^\v\y which implies that 



F^(X — Y) > — Tj)^ > i?7^; on the other hand, we have 



r + 7 7 

since 7 > 1, we have 

TxiT) 



^ < l + 4F^(X-r). 
Fy(T) - ^ 
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So the inequahty Tx{T)/Ty{T) < 4(1 + r^(X - Y)) holds for any X,Y,T. As a 
result, we have proved that F is admissible. From the proof above, we see that the 
structure constants are independent of 7, and this ends the proof of lemma. □ 

The space of symbols S{m, F) is defined as the set of functions a G C°°(]R^") such 
that the following semi-norms for all A; G N 

(4.5) sup \a'^''\X){Ti,--- ,Tk)\m{X)-^ <+oo. 

^x{T,)<l 

The composition law jl is defined by a^b^ = (a^b)^ and we have 

(4.6) {amiX) = exp C-a{Dx, Dy))a{X)b{Y)\y=x. 
For a G S{mi, F), 6 G S{m2, F), we have the asymptotic expansion 

(4.7) {a^b){x,^)= E Wfc(a,6) +r7v(a,6), 

0<fe<Af 

(4.8) with Wk{a,b) = 2-'' y ^^^^Dp^a D^d^b G ^(mimsAf ^ F), 

^ — ^ alpl ^ 

(4.9) rNia,b)iX) = R^{aiX) b{Y)) ^^^^ G ^(mimsAf ^, F), 

We use here the notation D = i~^d. The Wfc(a, b) with k even are symmetric in a, b 
and skew-symmetric for k odd. In particular, we have 

(4.11) atl6-6tla = T{a,6} + f, f G ^(mimaAf ^ F), 

where { , } is the Poisson bracket, implying that [a"', b^] = |{a, b}^ + f*". 

The symbols in S{1, F) are quantified in bounded operators on L^(]R"), with opera- 



tor norm depending on the structure constants of F defined in (4.2) and a semi-norm 



(4.5) of the symbol in S'(1,F), whose order depends only on the dimension n and 



the structure constants of F. See [6J. 

Proposition 4.2 (Fefferman-Phong inequality). If a G S'(Ap,F) and a>0, then 
is hounded from below by a constant depending on the structure constants of F given 
in (4.2) and a semi-norm ( |4.5 ) of the symbol a in S'(Ap,F), whose order depends 



only on the dimension n and the structure constants ofV. 
4.2. For the operator (P + Djy^. 
Lemma 4.3. For k > 1, we have 

(r^ + ey' e s{{t' + c s{k-\ 



? / 1 



with semi-norms hounded above independently of k. Moreover, the Fourier multiplier 
(Dk)'"^ = {k"^ + DlY^ is hounded on L'^{R]dt) with C{L'^{R; dt))-norm bounded by 
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Proof. We see that 

1 k- 



T'^ + k^ (A;-ir)2 + l' 

Then for any m > 0, 
d"" , 1 



where is a positive constant depending only on m. This completes the proof of 
the lemma. □ 

We can also compute the kernel of the operator (fc^ + D^)^^. 

Lemma 4.4. For k > 1, we have 



T f 1 r+oo -1 f+oo -1 

/ e-'^%''^dt = - / e-'=*cos(tr)rft = ^Re / e-*(^+^^) = — □ 
2k Jjg^ k Jq k Jq k + t 



2k U k^ + T^' 

As a consequence, (Dk)^'^ is just the convolution operator with the function (2A;)^-'^e~'^l'l . 
Proof. We have 

»+oo -| /•+00 

I p-'^K'^-df. = - I 

2k 

As a corollary of the lemma, the following result is used in the proof of Case 3. 

Lemma 4.5. For k > 3, the operator e~^*(Dfc)~^e^* is bounded on L'^{M.;dt) with 
C{L^{M.; dt))-norm bounded above by 3k~^. 

Proof. We deduce from the previous lemma that the operator e~^*(i5fc)~^e^* has 
kernel 

We have 

|T.(t,3)|<^e-(^-^)l*-^l. 
If > 3, then the convolution with 2ke~*^'^~^^''' is bounded on L^(]R; dt) with norm 

which is smaller than 3fc~^ since k>3. This completes the proof of the lemma. □ 

4.3. Some inequalities. We present some inequalities that we have used in the 
proof. Recall the functions a,g given in (3.2) 

1 _ e-^''/4 _ 2 , 

= ^2/4 ' = e " /^ r > 0. 

Firstly, a calculation shows that 

infr^fe^-l) - 1.54414... 

6»>0 

SO that 

(4.12) Vr > 0, 6r^g{rf < a{r), with ^ ^ | x 1.54414. 
We verify easily 

(4.13) Vr > 0, r^g{r) < 16a{r), r'^g{rf < 8(l - a{r)). 
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We can get by induction on n G N that 

(4.14) a^")^ = (-l)"4r-"-2((n + l)! -p„(r)e-'^'/^), 

where p„ is a polynomial of degree 2n. In particular, we have 



^2 



(4.15) Vr > 0, a'{r) = (l - e-"- - -e"'" < 0, 
so that cr is decreasing. We have the Taylor expansion of a near 

(4.16) -M^i-i-T + ^(T)^-- + j}=^(T)' + «(^^'n -'--o- 

Lemma 4.6. For all k > 1 , a > Sir, r > 0, we have 

'r2 + /3fca(r)>(21og2)-l/3;/^ 



where f3k = ak/{8'n') is given in (3.5) and a{r) is given in (3.2). 
Proof. By the definition of a, we have 

if r < 2(log2)^/^ then a{r) > (T(2(log 2)^/^^ = (21og2)-\ 

if r > 2(log2)^/^, then e"'"^/^ < ^, implying a{r) > 2r~^. 

Therefore, we get 

if r < 2(log2)i/^ then + /3ka{r) > (2 log 2)^^/3^, 

if r > 2(log 2)1/^ then + /3fca(r) > + 2l3kr~^ > 2V2l3l^^, 

which implies for any r > 0, 

+ PMr) > min ((2 log 2)-'P,, 2^^]!^) > (2 log 2r'f3'J\ if a > Stt, 



proving the first inequality in (4.17). Noting that 

02 

\/o<e<i, e-^-i + e>—. 

- - ' - 4 



we have 



A 2 2 

V0<r<2, l-cr(r) = -(e-'/^-l + ^) >^ 

r"' 4 lb 



Then we obtain 

- + /3.(l-a(r)) >- + /?,- >-.^, , 
r 

Therefore for any r > 0, /c > 1, 

+Pk{l- air)) > min (Ifc/?;/', e-^/3fc) > e'^^l^^ if « > stt, 



ifr<2, ^ + P.{l-air))>- + P,->-kp'J' 
ifr >2, ^ + /3,(l-a(r)) > (l - a(2)) = 6-^/3^. 



which proves the second inequality in (4.17). □ 

Now we prove inequalities about the function a that are used in the proof of Case 
1, 2 and 3. 
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Proposition 4.7. Given eo,ei G (0,1), there exist cq G (0,1), Ci,C2,C^,Cn > 0, 
Ci,C2,C3 G (0, 1) satisfying the following. Recall that a is given in (3.2). 

(1) For e**^ > e^^ , we have 

d 



(4.18) 



V|t-tfc| < 2co, 



(it 



^-(a(e*)-a(e*^)) 



< -Ci, 



(4.19) V|t-tfc| < 3co, Vn G N 
(4.20) 



^^*(a(e*)-a(e*^)) 



and 



(4.21) 



cr(e*) - o-(e*'=) < -cicr(e*'= 
a(e*) - (T(e**) > Ci(T(e*), 

(2) For El < e**-' < eg ^, ti;e /iawe 



fort-tk > Co/2, 
fort-tk < -Co/2. 



V|t-tfc| < 2co 



e2*(cr(e*) -a(e*'=)) 



< -C. 



(4.22) V|t-tfc| < 3co, Vn G N, 



e2*(a(e*) -a(e*'=)) 



(4.23) and 



(7(e*) - a(e*'=) < -C2(T(e*^), for t - tk > Co/2, 



a(e*) - aie'") > C2a(e*), /or t - < -Co/2. 
(3) For e**-' < ei, we have 



(4.24) 
(4.25) 

(4.26) 



\/\t-tk\ < 2co 



dt 



e'*(a(e*) -a(e*'=)) 



<-C-3e 



V|t-tfc| < 3co, Vn G N, 



^^*(a(e*)-a(e*^)) 



and 



a(e*) - aie'") < -Cg (l - a(e*)) , fort-tu> Co/2, 
a(e*) - a(e*'=) > C3(l - a(e*^)), /or t-t^K -co/2. 



Proof. Step 1. The essential step is to clioose co G (0, 1) sucli tliat (4.18), (4.21) and 
( |424l ) hold 

By (4.15), given eo, ei G (0, 1), there exist /ii > /i2 > such that 
Vr > e~^eo^, —fiir"^ < cr'(r) < — /i2r~'^, 

Vr G [e"^ei,e^eo^], -yUi < o-'(r) < -/i2, 



(4.27) Vr < e^ei 

Let us denote 

d 



— /iir < cr'{r) < —fi2r- 



f{tM) ■■- 



dt I 



e^'{a{e')-a{e'')) 



3*-'(e*) + 2e2*(a(e*)-^(e*^)). 



e a 



The Taylor's formula gives 



a(e*) -a(e*^" 



a 



Suppose \t — tk\ < 2co with cq < 1. Using (4.27), we get the following 
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if e** > Cq ^' then e* > e ^ and 

if e** G [ei,eg^], then e* G [e~^ei, e^eg ^] and 



if e** < ei, then e* < e^ei and 

fit, tk) < -/X2e^* + 4/iie^*e^^°co = -(/is - 4/iie^^°co)e^*. 



Let Co G (0, 1) satisfying 



2/ii 



then we get ( |4.18[ ), ( |4.21[ ), ( |4.24[ ) with 

Ci = /i2/2, ^2 = /i2e-'e?/2 and C3 = /^2e"''V2. 



noticing that for |t — < 3co, 



S'tejo ^. The inequahties (4.19), (4.22) and (4.25) are consequences of (4.14) 



|or(e*)-a(e*'^)| < <| C, if e*^- g [el eo ^] 

Ce^*^ if e*'-- < ei. 



S'tej* 5". It remains to prove (4.20), (4.23) and (4.26). Denoting = e**^ and 
r = e*, then (4.20), (4.23) are equivalent to the following 



(4.28) Vrfc > e,\ 



(4.29) Vr, G [ei,eo-^]. 



(j(r) < (1 — Ci)cr(rfc), for r > r^e'^f'^, 
o'irk) < (1 — Ci)cr(r), for r < rkC'^"^'^. 

a{r) < (1 — C2)cr(rfc), for r > r^e'^^^'^, 
o"(^fe) ^ (1 ~ C2)cr(r), for r < r^e"'^'"'^. 



The function a is decreasing, so that in order to prove (4.28) and (4.29), it suffices 
to prove the following 

(4.30) 3c G (0, 1), Vr > ele""/^ a(re"°/2) < (1 - c)a{r). 

We know that for any A > 1, the function 

is strictly increasing in (0,1) and /i(l;A) = 1. Hence for all A > 1, there exists 
< 5i(A) < 1 such that 

W0<9< exp(-e?e'=V4), /i(^; A) < 5i(A). 

Then we have for r > eie^°^'^, 

= ^ ~ ' = /i(e-"'/'; e'^") < 5i(e^«), since e^" > 1, 

a{r) e«(l-e-'- /4) ^ ^ ) - n 

which proves (4.30) with c = 1 — 5i{e''°). Thus ( |4.20[ ) and (4.23) are proved. 
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Now we turn to prove (4.26), which is equivalent to the following 

\a{r) - a{r-k) > c?,[l - a{rk)), for r < r^e"''''/^. 
Since 1 — cr(r) is increasing, we need only to prove 
(4.32) 3c3 e (0, 1), Vr < ei, 1 - cr{r) < (1 - o,) (l - aire''^/^)) . 

By direct computation, we find that for any A > 1, the function 

Me^^ — 1 + x) 

is continuous on [0, +oo), /2(0; A) = A^^ and /2(x; A) < 1 for all x > 0. Hence for 
any A > 1, there exists < 52(A) < 1 such that 

/2(x;A) < 52(A), V0<a;<l/4. 

We get for all r < ei < 1, 



which proves (4.32) with C3 = 1 — ^2(6^°) thus (4.26) is proved. The proof of PropO' 



sition 4.7 is now complete. □ 
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